We present a theoretical analysis that demonstrates that the far-field radiative heat transfer between objects with dimensions smaller than the thermal wavelength can overcome the Planckian limit by orders of magnitude. We illustrate this phenomenon with micron-sized structures that can be readily fabricated and tested with existing technology. Our work shows the dramatic failure of the classical theory to predict the far-field radiative heat transfer between micro-and nano-devices.
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Thermal radiation is a ubiquitous physical phenomenon and its understanding is critical for many different technologies [1] . This understanding is still largely based on Planck's law for black bodies [2] . In particular, this law sets an upper limit for the radiative heat transfer (RHT) between bodies at different temperatures. However, this law has known limitations. One of them is its inability to describe the RHT between objects separated by distances smaller than the thermal wavelength (λ Th ≈ 10 µm at room temperature) [3] [4] [5] . As predicted in the 1970s [6] within the theory of fluctuational electrodynamics (FE) [7] , RHT in this near-field regime is dominated by evanescent waves and the Planckian limit can be far surpassed by bringing objects sufficiently close. The experimental verification of this prediction in recent years has boosted the field of thermal radiation [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] and has triggered the hope that near-field RHT can have an impact in different thermal nanotechnologies [4, 5] .
As already acknowledged by Planck [2] , another limitation of his law is related to the description of RHT between objects with dimensions smaller than λ Th . In this case, Plancks law, which is based on ray optics, is expected to fail even in the far-field regime, where separations are larger than λ Th . Thus, one may wonder whether the Planckian limit can also be overcome in the far-field regime, something that is not possible with extended (infinite) objects [22] . It is known that the emissivity of a finite object can be greater than 1 at certain frequencies [23, 24] , but that is not enough to emit more than a black body. In fact, only a modest super-Planckian thermal emission has been predicted in rather academic situations [25, 26] , and it has never been observed [27, 28] . In the case of heat transfer there are neither theoretical proposals nor observations of super-Planckian far-field RHT. This is mainly due to the lack, until recently, of numerical techniques able to describe the RHT between objects of arbitrary size and shape that can, in turn, guide the design of appropriate experiments. This fundamental problem is also of great practical importance because Planck's law continues to be the basis for the description of far-field RHT between micro-devices [29] [30] [31] [32] [33] [34] , which as we shall show in this work can lead to severe errors.
The goal of this work is to demonstrate that Planck's law can fail dramatically when describing the far-field RHT between finite objects and, in particular, that the Planckian limit can be greatly overcome in the far-field regime. For this purpose, we have combined state-ofthe-art numerical simulations within FE with analytical insight provided by the general connection between the far-field RHT between finite objects and their radiation absorption properties. For didactic purposes, we first consider the case of isotropic bodies. Using a thermal discrete dipole approximation (TDDA) [35] , we were able to show that the radiative power exchanged by two identical and isotropic bodies at temperatures T 1 and T 2 and separated by a distance much larger than both λ Th and their characteristic dimensions is given by [36] 
(1) Here, A is the area of the bodies, F 12 is a geometrical view factor [1] , Q(ω) is the frequency-dependent emissivity, which is equal to the absorption efficiency [23] , i.e., the normalized absorption cross-section of the bodies, and I BB (ω, T ) is the Planck distribution function given by
where is Planck's constant, k B is Boltzmann's constant, and c is the speed of light. For black bodies Q(ω) = 1 for all frequencies and Eq. (1) reduces to the Stefan-Boltzmann law [1] :
. Equation (1) has the expected form from the expression of thermal emission of a sphere [7, 23, 25] , where Q(ω) is independent of the direction and the polarization. However, this result has not been reported in the literature and its generalization to anisotropic bodies is non-trivial (see below). Now, since the absorption efficiency of a finite object can be larger than unity [23] , Eq. (1) suggests that super-Planckian far-field RHT might be possible if we find the right combination of material and object shape that leads to resonant absorption close to the maximum of Planck's distribution at a given temperature.
This appealing idea is, however, not easy to realize in practice. We illustrate this fact in Fig. 1 show the results for the absorption efficiency and the farfield RHT for spheres made of a metal (Au) and two polar dielectrics (SiO 2 and SiN) with radii ranging from 100 nm to 50 µm. The absorption efficiencies, which in this case are independent of the angle of incidence and polarization, were obtained with the analytical Mie theory [23] . The RHT is characterized here in terms of the room-temperature linear heat conductance, which is normalized in Fig. 1 by the corresponding blackbody result:
We present the results computed with Eq. (1) and the absorption efficiencies as well as numerical results for three gaps in the far-field regime (20 µm, 100 µm, and 5 mm) that were obtained with the code SCUFF-EM [37, 38] . This code implements a fluctuating-surface-current formulation of the RHT problem and provides numerically exact results within the framework of fluctuational electrodynamics.
The results of Fig. 1(d-f) show that the far-field RHT between spheres does not overcome the Planckian limit and only in the case of the polar dielectrics it becomes comparable to the blackbody result when the sphere radius is of the order of λ Th . For small radii, smaller than the corresponding skin depth, the normalized conductance increases linearly with the radius, i.e., the conductance is proportional to the sphere volume because the whole particle contributes to the RHT. In the opposite limit, when the radius is much larger than λ Th the conductance tends to the result for two parallel plates. It is worth stressing that the numerical results obtained for various gaps nicely confirm the validity of Eq. (1).
The results for spheres, and for other geometries like cubes [36] , show that although the absorption efficiency (or emissivity) can be larger than 1 for some frequencies, this does not imply a super-Planckian far-field RHT. Then, what is the strategy to overcome the Planckian limit? The answer is indeed provided by Eq. (1), which suggests that far-field RHT can be enhanced by increasing the absorption cross section, while maintaining the geometrical one. This idea is illustrated in Fig. 2 where we show the far-field RHT between two parallelepipeds of SiO 2 and SiN as well as the relevant emissivities, which are those related to the direction joining the parallelepipeds. Here, we start with a cube of side 0.5 µm (much smaller than λ Th ) and we form an elongated parallelepiped by progressively changing one of the dimensions, L z , while keeping constant the other two, L x , and L y , see Fig. 2(a) . This way we keep the relevant geometrical cross section constant, while the absorption cross section increases linearly with L z as long as it is small compared to the penetration depth of the radiation, which is hundreds of microns. Our calculations of these emissivities, which were performed with the TDDA approach [35] , indeed confirm that they can become much larger than 1 in a broad frequency range, as we show in Fig. 2(b,d) . This fact naturally leads to far-field conductance values that overcome the Planckian limit by several orders of magnitude when L z becomes of the order of 50 µm, see Fig. 2(c,e) . Notice that the numerical results obtained with TDDA [35] for several gaps in the far-field regime coincide with those obtained via Eq. (1) in the limit of sufficiently large gaps. In any case, the Planckian limit is greatly overcome for all gaps in the farfield regime. Let us also stress that these parallelepipeds are not super-Planckian thermal emitters, as we show in Fig. 2(c) . The super-Planckian RHT found here is possible due to the highly directional emission of these systems.
These results clearly demonstrate the severe failure of the classical theory of thermal radiation, but the absolute conductance values for these tiny parallelepipeds make their measurement challenging. To illustrate superPlanckian heat transfer in a system that can be tested with existing technology, we focus now on the analysis of the RHT between two identical SiN pads with fixed lateral dimensions of 50 × 50 µm 2 , see Fig. 3(a) , which are larger than λ Th at room temperature, and we vary their thickness, τ , from values much smaller than λ Th to values larger than this wavelength. This challenging system for the theory is inspired by the suspendedpad micro-devices that are widely employed for measur- ing thermo-physical properties of low-dimensional nanostructures (nanotubes, nanowires or nanoribbons) [29] [30] [31] [32] . These devices consist of two adjacent SiN membranes suspended by long beams. Each membrane features a platinum resistance heater/thermometer that is normally used to measure the heat conduction through a sample that bridges the gap between the membranes, but they can also be used to measure the RHT across the gap. In recent years, these micro-devices have reached sensitivities of ∼1 pW/K and below [33, 34] .
Equation (1) still applies for parallelepipeds if we replace [36] , where Q TM,TE (ω) are the absorption efficiencies for a plane wave with normal incidence and transverse magnetic (TM) or transverse electric (TE) polarization, see insets of Fig. 3(c,d) . The results obtained with COMSOL for these efficiencies for thicknesses varying from 100 nm to 50 µm are displayed in Fig. 3(c,d) and they show that when τ λ Th they reach values of up to several hundreds, especially for TE polarization. Using these results together with the modified Eq. (1), we have computed the radiative thermal conductance for different values of τ , see Fig. 3(b) . The ratio with the blackbody result increases monotonically as τ decreases, becoming clearly larger than 1 when τ < λ Th , and reaching values as large as 2000 for a thickness of 100 nm. The occurrence of super-Planckian far-field RHT is confirmed by our SCUFF-EM results for several gap, as shown in Fig. 3(b) . These results show that, irrespective of the gap, the super-Planckian RHT takes place when τ < λ Th and that it should be readily observed in suspended-pad micro-devices, as we illustrate in the inset of Fig. 3(b) . They also show that Eq. (1), with the modification explained above, provides the asymptotic result for gaps much larger than the dimensions of the objects, which is when the largest enhancements over the blackbody theory occur. It is worth stressing that, following the same strategy as for the parallelepipeds of Fig. 2 , this superPlanckian RHT can be further enhanced by increasing the depth of the pads [36] . Let us also stress that, as in the case of the parallelepipeds, these pads are not superPlanckian emitters, as we show in Ref. [36] . The remarkable absorption efficiency and the superPlanckian behavior in these pads are due to the fact that they behave as (lossy) dielectric waveguides that absorb the radiation via the excitation of guided modes. This excitation results first in a confinement of the radiation field, as we illustrate in the COMSOL simulation shown in Fig. 4(a) . Then, due to the low-impedance mismatch, the incident radiation couples efficiently into guiding modes and is eventually absorbed. This absorption can be understood with an analysis of the electromagnetic modes of a planar waveguide, where an infinite SiN slab (core) of thickness τ is surrounded by air (cladding). Using dielectric waveguide theory [36, 39] , we have computed for each polarization (TM and TE) the real (propagation constant) and imaginary part (attenuation constant) of the wave vector component along the slab of these modes. The results are shown in Fig. 4(b-e) for several thicknesses in the regime where there is a single mode. The attenuation constant, which determines the power absorption, strongly depends on the polarization and exhibits much larger values for the TE case, which explains the larger efficiency for this polarization, see Fig. 3(d) . Moreover, the frequency dependence of the attenuation constant reproduces the corresponding dependence of the absorption efficiencies for both polarizations in the limit of thin pads. Interestingly, there is a frequency range in which the slab behaves as a hollow dielectric waveguide [39] , with the real part of the core dielectric function being smaller than that of the cladding, and the propagation for TE polarization occurs via leaky modes [39] , see Fig. 4(b,c) .
So in summary, our work illustrates the need to revisit the far-field RHT between micro-and nano-systems in the light of fluctuational electrodynamics. In particular, we have shown the dramatic failure of Planck's law in micron-sized devices of great importance for the field of thermal transport [29] [30] [31] [32] [33] [34] , whose sensitivity is ultimately limited by thermal radiation. Our work is also important for the study of thermalization of small objects [28] with implications, e.g., in cavity optomechanics experiments [40] or in the study of interstellar dust in astrophysics [41] . Our work also raises the question of the ultimate limit of the super-Planckian far-field RHT in low-dimensional systems such as nanowires, nanoribbons or 2D materials.
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